Abstract: Linear and nonlinear optical response of periodic arrays of nanoholes of triangular shape is examined using experimentally realizable parameters. Utilizing a three dimensional fully vectorial approach based on the nonlinear hydrodynamic Drude model describing metal coupled to When molecular emitters are placed on a surface of hole arrays calculated second harmonic response exhibits three peaks corresponding to second harmonics of hybrid exciton-plasmon states.
Introduction
Optical properties of nanostructures comprised of noble metals such as gold and silver have been a subject of intense research for many years due to various fascinating applications. [1] [2] [3] [4] [5] Such systems are also useful as tools to study fundamental properties of light and its interaction with matter well below the diffraction limit. 6 Although linear optics of plasmonic materials is still of great interest, the nonlinear optical phenomena greatly enhanced by surface plasmon resonances are fast emerging. [7] [8] [9] [10] [11] [12] Beyond metallo-dielectric nanoconstructs and their properties are exciton-plasmon materials involving molecular assemblies and plasmonic systems. [13] [14] Under certain conditions when the coupling strength between molecules and local electromagnetic field associated with the plasmon resonance exceeds all dissipation rates, such a system enters the strong coupling regime. It is under these conditions one cannot really distinguish between molecular emitters and the electromagnetic submitted to Physical Review B radiation crafted by metal, i.e. they become hybridized exhibiting properties of both matter and light. 15 Various research groups investigated how such systems respond to external intense probes assuming that molecules are the main source of the nonlinear response. [16] [17] [18] [19] [20] [21] One may note, however, that combining the nonlinear response of metal with that of molecules in the strong coupling regime obviously requires treating both subsystems on equal footing.
When considering nonlinear response of metal nanostructures two models are usually employed. Either one includes phenomenological nonlinear susceptibilities with different values at metal/dielectric interfaces and inside metal [22] [23] or the nonlinear hydrodynamics Drude model. [24] [25] [26] [27] [28] [29] [30] The latter even though is somewhat limited as it cannot account for contributions of core electrons and phonons, results in surprisingly good agreement with experiments. 25, 27 Moreover, such a model is not perturbative and takes into account sharp metal boundaries, which arguably are the main source of nonlinearities in plasmonic nanostructures.
In this paper we employ the semi-classical approach based on coupled Maxwell-Bloch equations to account for optical response of molecular emitters and couple their dynamics directly to the nonlinear hydrodynamic Drude model describing metal. To the best of our knowledge this is the first time when both molecules and periodic nanohole arrays are considered on equal footing in the nonlinear regime.
Numerical model
The electromagnetic radiation is described classically in accordance with the Maxwell where the dynamics of the current density (macroscopic polarization current), t
, is defined by microscopic material models as defined below.
The optical response of spatial regions occupied by metal is considered using classical hydrodynamics describing conduction electrons. 28 The starting equations of motion include the 
where 0 n is the equilibrium number density of conduction electrons. 
It appears 31 that in bulk the leading nonlinear contributions are arising due to the Lorentz force and the convective term, while the last two terms in Eq. (4) are dominant at metal-dielectric interfaces and for thin metal films. 27 In order to account for all possible nonlinear contributions we numerically integrate Eq. (3) with no further assumptions. When discussing our main results related to the second harmonic generation, we explicitly check which nonlinear term dominates the dynamics by subsequently turning these terms on and off.
In the linear regime, Eq. (3) reduces to the well-known equation for the current density, J , as usually obtained from the Drude model
where the plasma frequency is defined as 
where ex n is the number density of molecules in the excited state, 0 n is the total number density of molecules, eg  is the molecular transition frequency, eg  is the transition dipole,  is the radiationless decay rate of the excited state, and *  is the pure dephasing rate. In our simulations we vary the transition frequency and the number density, while keeping the other parameters fixed: for instance, or lasing by implementing three-or four-level molecular transition schemes. 17, 34 We note that the presented model fully (within the range of applicability of the classical hydrodynamics model) accounts for the nonlinear optical response of metal directly altered by molecules in the self-consistent manner.
The Maxwell's equations are discretized in space and time in accordance with the finitedifference time-domain (FDTD) method using staggered griding. 35 We compute components of the macroscopic polarization, P, at the same spatial locations as the corresponding components of the electric field, E. In the Yee computational cell defined by three indexes (i, j, k), the three components of both E and P are evaluated at the locations of (i + ½, j, k), (i, j + ½, k), and (i, j, k + ½), respectively. To simulate open boundaries, we implement convolution perfectly matched layers (CPML). 36 The external excitation is simulated using the total field/scattered field approach.
The linear response is obtained via the short pulse method with the incident pulse duration of 0.36 fs allowing one to obtain linear reflection/transmission/absorption spectra in a single FDTD run. 37 The nonlinear power spectra are evaluated using a 100 fs long incident pulse with the total propagation time of 500 fs. The numerical convergence in both linear and nonlinear regimes is achieved for a spatial resolution of 1.5 nm and a time step of 0.0025 fs. Our home-build codes are parallelized following the three-dimensional domain decomposition method. 38 The simulations are performed at AFRL/ERD DSRC HPC centers. For the test simulations we utilized our local multiprocessor cluster. A typical number of computing cores used for a single run is 2304. The executions times vary between 10 minutes, when simulating linear spectra, and 75 minutes to obtain nonlinear power spectra.
Results and discussion
We consider periodic arrays of triangular holes as schematically depicted in the inset of Fig. 1a. 280 nm thick metal film is placed on semi-infinite glass substrate with refractive index of 1.5
and is covered by a 100 nm thick polyvinyl alcohol (PVA) layer with the same refractive index.
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It is also assumed that the areas inside holes is not filled with any dielectric. In this paper we study square arrays with the periodicity of 346.5 nm. The triangular holes have a side of 220 nm and the base of 200 nm. The system is excited by a plane wave at normal incidence emanating from the air side. Our simulations show that the linear transmission/reflection exhibits complex set of modes with most of them being located toward the ultraviolet part of the spectrum. The detailed analysis of local electromagentic fields associated with these resonances reveal a multipole character of high energy modes. We thus concentrate our interpretation efforts on understanding the physical nature of the lowest (in energy) three modes as discussed below. 
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Additionally we observe the enhancement and blue-shift of the high energy mode seen near 2.7
eV. Below we elaborate on the physical properties of the observed modes, however it is worth emphasizing that the high energy mode at 2.7 eV is enhanced noticeably by holes with round corners. A tincture of this mode is also seen for the sharp corners case at 2.56 eV.
The linear transmission, reflection, and absorption for the array of holes with round corners are plotted in Fig. 1b for the incident field polarized along x-axis (see inset of Fig. 1a ). Three distinct resonant modes are seen at 1.99 eV, 2.54 eV, and 2.71 eV (resonant frequencies extracted from corresponding absorption spectra). Two low frequency resonances appear in both transmission and reflection spectra indicating that these modes have plasmonic character. The lowest frequency mode at 1.99 eV has a Q-factor of 12, which is typical for a plasmon resonance.
Two other modes located at 2.54 eV and 2.71 eV, respectively, are more complex and worth discussing further. First, we note that the mode at 2.71 eV has nearly 0 transmission.
Corresponding Q-factor of this resonance extracted from the absorption spectrum is 82. The well-known expression for the resonant wavelength of the Bragg plasmon supported by a square array of holes at normal incidence,
may be used to give a rough estimate for the lowest diffraction order (i,j) = (1,0) resonant frequency. For the interface with glass/PVA we obtain 2.1 eV. We note, however that eq. (7) does not take into account the shape of holes nor it accounts for a size of holes. Since triangular holes have no inversion symmetry, we anticipate that Bragg plasmon modes must depend on in-plane incident polarization. We thus perform simulations varying the incident polarization and track corresponding resonances as shown in Fig. 1d . Firstly, we note that the lowest frequency mode at 1.99 eV is merely affected exhibiting small variations of the shape of the resonance and its frequency, which shifts to lower frequencies when the polarization changes from x to y (we opted not to show this part of the spectrum as otherwise vectors along x and y are not the same. 43 We observe similar spectra with holes taken as equilateral triangles, i.e. the LPR mode is independent from the polarization while two Bragg modes are seen when the incident field is polarized in-between x and y. In summary, as seen in Fig. 1b the x- polarized incident field leads to excitation of the LPR mode (1.99 eV), the first order Bragg plasmon (2.54 eV), and the mode localized inside PVA with no surface plasmon character (2.71 eV), which may be interpreted as a waveguide mode in the PVA layer.
Next, we examine how molecular emitters embedded in the PVA layer are coupled to either of the three resonant modes discussed above. Since the thickness of PVA is 100 nm and we consider molecules uniformly distributed inside PVA it is anticipated that the upper part of the layer may result in significant absorption without direct coupling to the corresponding electromagnetic mode.
It is thus informative to examine absorption rather than transmission. Fig. 2 summarizes our results with molecules.
The optical absorption calculated for molecules resonant to the LSPR mode is shown in Fig.   2a . It is seen that that the absorption significantly increases at the resonant frequency with increasing molecular concentration. We observe the hybrid molecular-plasmon modes due to the strong coupling, which become obvious at 4×10 . The Rabi splitting (defined as the difference between resonant frequencies of the absorption for the hybrid exciton-plasmon modes) at this concentration is 78 meV. We also note that the absorption central peak is slightly blue shifted at high concentrations. This interesting feature is more pronounced for molecules resonant at the Bragg plasmon (Fig. 2b) . . Interestingly, in both cases the hybridization is very strong but the absorption peak at the corresponding molecular transition frequency is significantly pronounced for the waveguide mode (Fig. 2c) , while the same peak is less affected by the molecular concentration in case of the Bragg mode. As noted above the absorption peak near corresponding molecular transition frequency shifts to higher frequencies at larger molecular concentrations, which means that the effective refractive index of the PVA layer with embedded molecules becomes smaller (rather than larger as one would expect). This is because at higher concentrations more molecules close to the metal/PVA interface are strongly coupled to the resonant electromagnetic mode resulting in less molecules absorbing at the molecular transition frequency.
This effect is solely due to the strong coupling. If we are to tune the molecules away from a given resonant mode of the array the expected red shift of the absorption will be observed.
The polarization dependence of the absorption at the Bragg plasmon frequencies is explored in Fig. 2d . Here we gradually change the in-plane polarization of the incident field keeping molecules resonant at 2.54 eV. Several interesting features are worth noting. First, compared to the bare array without molecules the central absorption peak near 2.54 eV is blue shifted for all polarizations. The effect we noted before in Fig. 2c . Secondly, the Rabi splitting does not depend on the polarization since the incident polarization does not affect the molecular concentration. The absorption for upper/lower polariton modes becomes smaller with the incident polarization rotating to y direction. This is the expected result since the first order Bragg plasmon along x has lower frequency compared to its counterpart excited with y-polarization (the effective distance between triangular holes along x is longer compared to that along y as we pointed out when discussing results in Fig. 1 ). Thirdly, we observe the absorption peak at 2.51 eV that becomes more pronounced as the incident polarization turns more toward y. For the intermediate polarization that
excites both x and y Bragg plasmons one may see: (a) the polaritonic states associated with the strong coupling between molecules and x-Bragg plasmon; (b) the lower polariton state at 2.51 eV due to the coupling with the y-Bragg plasmon. Since the latter is far from the molecular resonance (2.54 eV) only a small portion of it is hybridized. The upper polariton part of this coupling is buried by the large absorption peak at 2.54 eV. We also note that the modes near 2.7 eV are shifted to higher frequencies compared to the case of bare array without molecules as it was discussed above. . The molecular transition frequency is 2.54 eV.
We now turn to examine how triangular hole arrays respond if subjected to an intense resonant laser pulse excitation. The first question to explore is to see which nonlinear term on the left-hand side of eq. (4) contributes most. Fig. 3a shows the normalized power spectrum calculated for the array pumped at the LSPR frequency of 1.99 eV. We first observe that turning on and off the magnetic part of the Lorentz force,  P B  , has no feasible effect on the spectrum (the changes are seen only in the third significant figure and thus are not shown in the figure). Contributions from both the Coulomb term, ( )   E P  , and the convective term,
impact on the signal for the second harmonic (calculations without the convective term underestimate the signal by the factor of 7) and the third harmonic (here the ratio of the signal evaluated using the full simulations and the one obtained from calculations without the convective term is 36). However, one may notice that neglecting neither of these terms results in dramatic changes nor in significant variations of the shape for each harmonic. Although the knee structure seen in the shape of the second harmonic is less pronounced when all the terms are considered, the change is small. If, however, both terms are dropped with only the Lorentz force remaining resulting spectra (not shown) exhibit just a small tincture of the second harmonic only. We thus conclude that the main contributions to the nonlinear response come from terms with spatial derivatives. Figs. 3c and 3d explore the second harmonic generation by triangular hole arrays with molecules uniformly distributed inside the PVA layer. We consider a simple two-level model for molecular emitters (Eq. (6)), which supports only odd harmonic generation due to the dipole selection rule. When molecules are not strongly coupled to any resonant modes of the array the even harmonic generation is solely due to metal. However, when the system enters the strong coupling regime there are significant changes to the lineshape of the second harmonic as seen in 
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When an oscillator with a second order nonlinearity is strongly coupled to another linear oscillator the second order contribution to the displacement has a lineshape, which is significantly modified by the coupling strength of two oscillators.
We explore the influence of pumping at frequencies corresponding to hybrid states in Fig. 3d , when molecules are coupled to the Bragg mode at 2.54 eV. When pumped at 2.54 eV we again observe three peaks in the second harmonic signals. Furthermore, the Rabi splitting of 135 meV we calculated from this signal corresponds to that obtained from Fig. 2b . Two different scenarios are also considered. First, if pumped at the frequency of the lower polariton (Fig. 3d , red line) its second harmonic is noticeably enhanced and the second harmonic of the Bragg plasmon is seen as well. Secondly, when we drive the system at the upper polariton frequency in addition to its second harmonic and the corresponding plasmon peak we also see a small contribution from the lower polariton as well. Fig . 4 shows the local field and intensity distributions associated with the second harmonic when the array is driven at the LSPR frequency. Firstly, we note that there is no preferable direction and the spatial patterns of each component are quite complex. While Ex is mostly localized near the edges of the hole, both induced components Ey (Fig. 4b) and Ez (Fig. 4c) are spread along the surface in-between the holes. Secondly, the amplitudes of the components induced by the array are comparable to Ex. When examined closely one may see that there are spatial regions, in which the second harmonic is elliptically polarized. The intensity shown in Fig. 4d is maximized at the edges of the hole but is also considerably large in between the holes as well.
Conclusion
In summary, we numerically investigated linear and nonlinear responses of periodic arrays of triangular nanoholes using experimentally realizable parameters. It was shown that the bare array exhibits a set of optical resonance, physical nature of the first three was identified and discussed.
When resonantly coupled to molecular emitters periodic arrays show hybridization between molecular states and corresponding resonant plasmon modes. Significantly large Rabi splitting over 100 meV was found for molecules resonant with the first order Bragg plasmon mode. The latter also depends on the incident field polarization, which can be used as tuning knob to modify the coupling with molecules. We also observed an interesting effect, namely a blue shift of linear absorption peaks, which we assigned to the strong coupling between molecules and plasmons. We 
